In this paper, with a modification of our earlier construction in [12] , new classes of optimal LHZ FHS sets with new parameters are obtained which are optimal in the sense that their parameters meet the Peng-Fan-Lee bound. It is shown that all the sequences in the proposed FHS sets are shift distinct. The proposed FHS sets are suitable for quasi-synchronous time/frequency hopping code division multiple access systems to eliminate multiple-access interference. key words: frequency hopping sequences, low hit zone, the Peng-Fan-Lee bounds
paper constructed some new classes of optimal LHZ FHS sets [12] , [13] . In 2013, Chung and Yang obtained a new class of optimal LHZ FHS sets [14] .
The objective of this paper is to construct new sets of LHZ FHSs which are optimal in the sense that the parameters of the generated FHSs meeting the Peng-Fan-Lee bound. The construction is a modification of the earlier one in [12] .
The rest of this paper is organized as follows. Section 2 gives some notations and definitions that will be used in sequel. Section 3 introduces the interleaved structure of sequences. Section 4 presents the interleaved design for optimal LHZ FHS sets, and introduces the construction of the shift sequences which are pairwise shift inequivalent. Finally, we conclude the paper in Sect. 5.
Preliminaries
Let F= { f 1 , f 2 ,. . . , f q } be a frequency slot set with size |F|=q, and S be a set of M FHSs of length N. For any two FHSs, x=(x 0 , x 1 ,. . . , x N−1 ), y= (y 0 , y 1 ,. . . , y N−1 )∈ S , and any positive integer τ, 0 ≤ τ < N, the periodic Hamming correlation function H xy (τ) of x and y at time delay τ is defined as follows:
where h(a, b) = 1 if a = b, and 0 otherwise, the subscript addition t + τ is performed modulo N. For any given FHS set S , the maximum periodic Hamming autocorrelation H a (S ) and the maximum periodic Hamming cross-correlation H c (S ) are defined as follows, respectively:
For the sake of simplicity, we denote H a =H a (S ), H c =H c (S ), and H m = max{H a , H c }.
In 2004, Peng and Fan [4] established the following lower bound for an FHS set.
Lemma 1:
Let S be a set of M FHSs of length N over a frequency slot set with size q, we have
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From now on, we will use (N, q, H m ; M) to denote an FHS set of M sequences of length N over a frequency slot set of size q, with the maximum nontrivial Hamming correlation H m . Let δ ≥ 0 be a constant integer, the low hit zone of an FHS set S with M FHSs of length N over a frequency slot set with size q, denoted as L H , is defined by
Then S is said to be an LHZ FHS set with parameters (N, q, L H , δ; M). In particular, when δ = 0, the LHZ L H becomes a none hit zone (NHZ).
In 2004, Peng, Fan and Lee [10] established the following lower bound of an LHZ FHS set.
An LHZ FHS set with parameters (N, q, L H , δ; M) is said to be optimal if the equality in (3) is achieved for Z = L H .
Interleaved Structure
The interleaved structure of sequences was introduced by Gong in [15] , [16] . Following the notations in [16] , we introduce the interleaved structure that will be used to construct LHZ FHS sets in the sequel. Let
. . , e l−1 ) be a shift sequence of length l over Z N , i.e., e i ∈ Z N , 0 ≤ i < l. An N × l matrix is formed by placing the FHS set A and e as follows:
where the additions in subscripts are reduced modulo N. By reading the elements in U row by row, we get a sequence u = (u 0 , u 1 , . . . , u Nl−1 ) of period Nl. By convention, u is called an interleaved sequence and e is referred to its shift sequence. The matrix U is used for an array form of u. For short, we write the interleaved sequence u as
where I is the interleaving operator, and L is the (left cycli-
. . , g l−1 ) be another shift sequence over Z N and
Obviously, L τ (v) is just another interleaved sequence. Namely, we have
Then, the Hamming correlation function between the interleaved sequences u and v at a shift τ becomes the summation of the inner products between the pairwise column sequences in (4) and (5), i.e.,
Especially, when τ 2 = 0, we have
From (6) and (7), it can be seen that u and v are cyclically equivalent if and only if for τ 2 = 0, the following identities are valid:
for all 0 ≤ i, j < l, i j.
Definition 1:
Any two shift sequences e = (e 0 , e 1 , . . . , e l−1 ), g = (g 0 , g 1 , . . . , g l−1 ) over Z N are said to be inequivalent if (8) does not hold.
Based on the above analysis, the following lemma is immediate.
Lemma 3:
With the above notations, if u and v are cyclically distinct, i.e., e and g are inequivalent shift sequence, then
Optimal LHZ FHS Sets By Interleaving Technique
In this section, we shall construct new classes of optimal LHZ FHS sets based on the interleaved structure aforementioned and Lemma 3. The construction described below is a modification of our construction in [12] .
Construction 1: Construction of optimal LHZ FHS sets.
Step 1: Select an optimal (N, q,
Step 2: Let M, w be positive integers satisfying M = N w . Generate a shift sequence set G = {g j : 0 ≤ j < M} with
, where {P 0 , P 1 , . . . , P l−1 } are permutations over {0, w, 2w, . . . , (M − 1)w}, such that all the shift sequences in G are pairwise inequivalent.
Step 3: Construct the desired LHZ FHS set S ={s j : 0 ≤ j < M}, where for each 0 ≤ j < M,
Remark 1:
Both Construction I in [12] and Construction I above are based on interleaved technique. Herein, it is worthwhile to point out their difference. For Construct I in [12] , the column sequences in the interleaved structure are a cyclic shift of the same sequence and are thus cyclically equivalent each other. While for Construction I above, the column sequences are cyclically distinct. This difference relaxes the conditions for the shift sequences (see conditions here for the shift sequences and the ones in [12] for a comparison). The relaxation of conditions provides more flexibility for the choice of shift sequences and further leads to more parameters of LHZ sequence sets. 
This completes the proof of the theorem.
The key point of Construction 1 is to search some appropriate permutations P k , 0 ≤ k < l, such that all the shift sequences in G are pairwise inequivalent. The computer program shows that there are many different permutations that can generate inequivalent shift sequences. In what follows, we describe a specific permutation and the closedexpression for the generated inequivalent shift sequences.
Construction 2: A specific construction of inequivalent shift sequence sets
Step 1: Generate an initial shift sequence of length l as e
Step 2: Constructed the shift sequences by the following cases.
Case 1: N = wM, M odd. Then the shift sequence g j , 0 ≤ j < M are constructed as 
ii) j = M − 1 ⎧closed-expression for such a permutation. It would be interesting if more such permutations could be found.
